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nodes, with utilization of the boundary conditions (Ref. 3).

However, the problem is closed if we take the arithmetic
average of equations at the nodes. One obtains a valid equa-
tion at each node, as the resultant equation remains an inte-
grated differential equation with a weighting function. Then
the total number of equations and unknowns are both the
number of nodes times the number of equations at each node.
This completes the formulation.

In conclusion, it is noted that the advantage of a finite-ele-
ment method lies in its flexibility in fitting a curved boundary.
Whether the present formulations will be of practical value
remains to be tested by actual programing of some examples.
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Accuracy of Donnell’s Equations for
Noncircular Cylinders

8. L. Lucas* anp R. L. DAUGHERTYT
Unaversity of Delaware, Newark, Del.

ANY papers have considered the stresses and displace-
ments of noncircular eylindrical shells with a variety of
edge conditions. Kempner et al.'~% have considered the cases
of oval cylinders under lateral pressure for simply supported,
clamped, and ring-reinforced end conditions where the radius
of curvature relation for the oval cross section stated by
Marguerre® was used as well as equations of the Donnell type.
Basuli’ presented a solution using Donnell type equations
with the radius of curvature varying exponentially. Tt has
been shown by Kempner,? Hoff,? and Morley,® however, that
the results for circular cylinders when the Donnell equations
are used are good only if the cylinder is short. Nevertheless,
as Kraus has pointed out,! the accuracy of Donnell’s assump-
tions for nonecircular cylinders has not been assessed. 1tisthe
purpose of the present Note to perform this assessment.

Governing Equations

To investigate the applicability of the Donnell equations
when considering noncircular cylindrical shells, the solution
found using the equations of the Love-Reissner type will be
compared with that obtained using the Donnell equations.
The particular case considered for this comparison is an oval
eylindrical shell that is simply supported at the edges and has
a radius of curvature of the form stated by Marguerres:

1/r = A/r.)(1 + & cosdms/L,) 1)

where 7(s) is the radius of curvature of the cross section; 7, is
the radius of the circle whose perimeter is L,, the perimeter
of the oval cross section; and £ is the parameter that deter-
mines the noncircularity of the oval. To preclude the con-
cave outward case, 0 < £ < 1. The coordinate system used
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for such shells is z, s, z where 2 is in the axial direction, s is in
the circumferential direction, and z is the outward normal to
the middle surface of the shell, as shown in Fig. 1.

The governing equations for thin eylindrical shells can be
reduced to three involving u, v, and w—the translations of the
middle surface of the shell in the z, s, and z directions, respec-
tively. These equations are

oy 1 — v\ o 1+»\ oW v Jw
w“( 3 )asz+< 2 >axas+7¥‘0

(2a)
(0%/0s?) + [(1 — »)/2]10%/0z? + [(1 + »)/2](0%u/dzds) +
(0/3s) (w/r) + (1/r)(h2/12){(@%/0s?) (v/r) + (1/r) X
[A — »)/2](d%/02%) — (Q%w/ds?) — (D*w/dzWs)} =0 (2b)
Vaw + (1/r)(12/h%) [»(0u/0x) + (dv/0s) + (w/r)] —
(0%/0s%) (v/r) — (0/08)[(1/7)(0%/0a%)] =
—129(1 — v¥/ER® (2¢)

when only a uniform lateral external pressure loading ¢ is
considered and where » is the Poisson’s ratio of the material,
E is its Young’s modulus, and 4 is the shell thickness. V4is
the biharmonic operator.

These equations can be reduced to those attributed to Don-
nell by assuming that: 1) the transverse shear resultant
makes a negligible contribution to the equilibrium of forces in
the circumferential direction, and 2) the displacement v
negligibly affects the changes in curvature and twist due to
the loading. When these two assumptions are made, the
three governing equations reduce to!!

oMy 1 — v\ J% 1+ v\ o% v ow
bx2+< 2 )as2+( 2 >axas+r5%“_0
(3a)

0% 1 -\ o% 1+ v\ 0% o fw) _
bsg—*_( 2 >bx2+< 2 )maﬁ&(?)‘o
(3b)

_2fow o w1201 — )
Viw = <V or Tos T r>_ En? (30)

Solution

To compare the two sets of equations—those of the Love-
Reissner type with those of the Donnell type—a simply
supported oval cylindrical shell is analyzed in detail. The
boundary conditions at z = 0 and = L for such a situation
are

w =9 = ou/0r = dw/dq? = 0 @
With these boundary conditions, the solutions for the dis-
placements can be assumed to be of the form

A mnrx nms
COS—— COS
mn T Lo

u ® w 2
_ qro . mwx . nws
§ v s = Z Z ( Eh> B, sm—L sin i

m=13,... n=0,4,...

mmx nmws

Cmn SIIIT OOS'L—
®)
when the loading is expanded in the form:
12¢(1 — »?) il gro2 \[ 48(1 — »¥)7] . mmx
BT X (Eh wiere | ©
m=1,0,...

Because of the noncireularity of the cross section, it is not
possible to assume an exponential form of solution and com-
pare the roots of the complementary equation as was done for
the circular cases—1t Therefore, the method of solution is to
substitute the assumed solutions in Egs. (2) and (3)
and, using Eq. (1) for the radius of curvature relation, solve
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Fig. 1 Shell geometry and coordinate system.

the doubly infinite set of resulting algebraic equations for the
Fourier coefficients. For the equations of the Love-Reissner
type, Eq. (2), these algebraic equations are given in the Ap-
pendix. The resulting equations for the Donnell assumptions
are those given in Ref. 1. Suitable convergence was obtained
from these by using a digital computer and truncating at n <
36 and m < 11.

Results and Conclusions

By comparing the results for the two cases, Eqgs. (2) and
(3), it is found that for a given error in the displacements, a
much smaller error occurs in the stresses. Although the
Donnell solution for axial bending and eircumferential mem-
brane stresses are quite accurate, errors in the axial membrane
stress as the length of the eylinder increases and errors in the
circumferential bending stress as the eccentricity of the oval
increases quickly become intolerable.

Hoff? has related the accuracy of the Donnell equations for
circular cylinders under point and line loadings to the thick-
ness to radius ratio. He lists the error associated with a cer-
tain length as a function of this ratio and shows that the error
becomes small as the ratio approaches zero. The first of the
Donnell assumptions, the neglecting of the shear resultant in
the equilibrium of circumferential forces, becomes exact as the
thickness to radius ratio approaches zero. Thus, the first
approximation governs the breakdown of the Donnell equa-
tions for circular cylinders.

By examining the solutions for the oval eylinders under
hydrostatic loading, it is found that as the major-to-minor
axis ratio of the oval increases, a condition which allows v de-
flections of increasing magnitude, the error in using the Don-
nell solution increases. Thus, the second assumption, which
ignores the effect of the v displacement in the curvature and
twist relations, is seen to break down for oval cylinders. A
correlation of this error in predicting stresses vs the major-to-
minor axis ratio is given in Fig. 2. Since, for an axially sym-
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Fig. 2 Error associated with stresses in Donnell solution
for hydrostatically loaded oval cylinders.
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metric loaded ecircular cylinder the Donnell equations are
exact, the line b/a = 1in the figure is an asymptote. The 59,
and 10% lines indicate the maximum error in the prediction
of a particular stress as a percentage of the critical value of
o.0r o, Ascan be seen, the eccentricity of the cross section
as well as the length of the cylinder determine the applica~
bility of the Donnell assumptions for oval cylinders.

Although the results are for simply supported boundary
conditions, they can be used as a guide for other edge sup-
ports. Therefore, for noncircular cylinders, the use of Don-
nell equations is restricted to short shells, as in the eircular
case; however, this allowable length is greatly influenced by
the eccentricity of the cross section, this length decreasing as
the eccentricity increases.

Ai)pendix
The algebraic equations resulting from the substitution of
Eqgs. (5) and (6) into Eqs. (2) are: form = 1,3,5, .. .:
12s2(2;1;1) [t2m? 4 n*(1 — v)/2]Amn —
12(0;1;0[(1 + v)/2]s*mnBma — 12(0;2;1)vEs%mCy pg —
120Es%mC o s — 24v8UHmCpy = 0 for n = (0;4;8,12,16, .. .)
B..=0
—12[(1 + »)/2)sttmnA mm + (O;1)T2E2{(n — 4)% +
[(1 — »)/2)2m2} B, ns + (0;1)4m2E{n? — 4n + 8 +
[(1 — »)/212m?} By ns + {[1252 + 72(4 + 2& — £2;4 +
26)1n* + [(1 — »)]/2tm?] + (48;32)72£%} B +
AmE(LE {n? + 4n + 8 + [(1 ~ v)/2}2m2]B,, nis -+
28 {(n + 4 + [(1 — »)/2]1Pm*} By ays + {72[(n — 4)° +
tmin — 4)] + 128%#n(2;1)}Crues + {272[n® + 2m2n] +
24n(s%t%) Crun + {72£[(n + 4)* +
q;DtmAn + 4] + 128280} Crnse = 0
for n = (4;8,12,16, ...)
—12vE(0;2;1;1)8%mA e — 24vsHMA 1 —
12v8s%mA mne + £(0;0;1;1){128%(n — 4) +-

72 [e2min + n3l}Buaa + 2{128% + 72[0® + 2m®n]} B, +
£{12s%(n + 4) + w[emn + 18]} Boas +
12£%%0;0;2;1)Crn n s — 48(0;2;1;1) £5°Cn s +-

{2 (m® 4 n?)? + 485 (y1;yey) | Con + 488%Cmnpa +

1282520, s = (192/mm)s?(1 — »%)(1;0;0;0)
for n = (0;4;8;12,16,20, . ..)
where

§ = Lo/h, t=Lo/L, y =1+ (8/2), =1+ {&
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Symmetrical Bending of Multicore
Circular Sandwich Plates

FAKHRUDDIN ABDULHADI*
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Introduction

YMMETRICAL bending of single core circular plates was
treated by Reissner,' Zaid,? and FErickson.! Unsym-
metrical bending was treated by Kao.#® The bending of
multicore circular plates with membrane facings was treated
by Stickney and Abdulhadi,® where the distinct cores were
assumed to possess a common shear angle, in a manner similar
to that of Liaw and Little” for rectangular plates. Kao and
Ross® have shown, for multicore beams, that the customarily
used common shear angle restriction introduces errors when
the cores are not identical.

Analysis of multicore plates suitable for thin or thick cores
and without the common shear angle restriction, to our
knowledge, does not exist. This Note treats the symmetrical
bending for such plates. The governing equations for five-
layer plates are derived and solved for arbitrary symmetrical
loading and boundary conditions.

Analysis

The facings are distinet, homogeneous and isotropic. The
bending and extensional stiffnesses of each facing is taken into
account. The facings carry plane stresses while the isotropic
cores carry transverse shear stress only. The thickness does
not change and the layers do not slip when the plate is loaded.

Let the odd subscripts ¢ = 1,3,5 refer to bending layers
(facings) and even subscripts j = 2,4 refer to shear layers
(cores) as shown (Fig. 1}. The forces and moments per unit
length acting on ith layer are defined as

(N Nigl = Slow,0ipldz: (M, Mgl = flomcilzde: (1)

where N (M), Np(Mip) are radial and tangential forces
(moments), respectively, and ¢.,(ayg) is the radial (tangential)
stress. The distance z; is measured transversely from the
center of ith facing.

Hooke’s law is used in Eq. (1) leading to

Nir

1 v 0 0 ki,
Nig v 1 0 0 kzu,/r 9
My =100 =1 —» || Da,, )
Mg 0 0 —» —1| Dw,/r

k,‘ = ElTi/(l - Vz) Di = E,Tza/[12(1 - VZ)] (2&)
where v is common Poisson’s ratio, u;(w) is radial (transverse)
displacement, E; is elastic modulus, and 7' is thickness.
Summing moments about the middle of layer five, leads to
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resultant moment equations

MT

il

3
=D, + vw,0/1) — 3 biki(uir + vui/r)  (3)
1

3
Mo = —D(Vwﬂ'f + w,r/r) - Z Biski(Vui,r + Uq/T) (4)
1

where D = Dy + D; + Ds, and 8, is the distance between
centers of layers five and . Since bending only is considered,
the resultant forces vanish; that is

N11+N3r+N57=0 N10+N30+N50=0 (5)
The equilibrium equations of a differential plate element and
Egs. (3) and (4) are used to obtain an expression for the shear
force Q,
3
Q- = —D(Vw),, — 3 SiskaS(us)
1

(6)
VIC) = O+ Ou/r - 80) = V2() = ()/r2

The core shear stresses 7s,. and 74. are obtained from the

equilibrium equations of each facing and Eq. (2)

3
Toe = —kiS(w) T = — 2 kaS(u) )
1

The no-slip conditions between the various layers are
Uz — U = —51311),r + Cﬂm (8)
Us — Uz = _535w,r + 047412 (9)

where C; = T,/G; and @ is shear modulus of jth core. The
displacement u; is related to u; and wuz as

ksus = — (krwy + ksug) (10)

A set of three governing equations are obtained by use of the
equilibrium equations of a plate element and Eqs. (6-10).

(1/7‘) (d/dr)rS(Dw,, + 615k1u1 + 535k3u3) == p(’l’) (11)
Siaw,r + CokrS(uw) — wy + us = 0 (12)
Bashosw,r + (CokerksS — ki)uy + (CutsksS — ks — k)us = 0 (13)

where p(r) is an arbitrary symmetric load per unit area.

Equations (11-13) are uncoupled to eliminate u; and reduce
the number of equations to two. The uncoupling process
leads to

dw d 1 d
ey = ~fm b o (ru) + Flpr) +
ﬂ' 1 Aar A3
2 (Iog’" 2)+7+7 (14

1
(Vz -5 Az)(vz — 7_12 _ ﬁz) w o=

1
[aF(p,r) - % frpdr] + (s — ndy) - +

aAr 1 adsr
5 <Iogr — E) + 5 (15)

where
¢ =D — 513535]03
a = (Oisky + disks)/ DCoCokerksks

F(p,r) = %frdr ffl; frpdr

= busky + Ossks (15a)
n = &3/CokiD (15b)

b = 8sCakik:  (15¢)



